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INVERSE SPECTRAL AND INVERSE NODAL PROBLEMS 
FOR STURM-LIOUVILLE EQUATIONS WITH POINT 5 AND 

^-INTERACTIONS 

MANAF DZH. MANAFOV 
In memory of M. G. Gasymov on his 80th birthday 


Abstract. Inverse spectral and inverse nodal problems are studied for 
Sturm-Liouville equations with point 5 and V-interactions. Uniqueness 
theorems are proved and a constructive procedure for the solutions is 
provided. 


1. Introduction 

We consider the Sturm-Liouville boundary value problem (BVP) L : 

ly : = -y" + q(x)y = Xy, x G (°, 0 U |) u (^, 7r) , (1.1) 


U(y) := 2/(0) = 0, V{y) := y'{ tt) = 0, (1.2) 



where q(x), a, (3 ^ 0 are real, and q(x) G W.j [(0,7r)] , A is a spectral parameter. 
Notice that, we can understand problem (1.1),(1.3),(1.4) as studying the equa¬ 
tion 

-y" + ( a5 (x - 0 + 0 (x - |) + q(x)) y = Xy, x G (0, tt), 

where S(x) is the Dirac function, and 5'(x) is its derivative function (see [1]). 

On the Hilbert space L 2 ([0,7r]) consider the linear differential operator 

L : y(x) —t -y"(x) + q(x)y{x) 
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with a dense domain 


D(L) 



We will consider inverse problems of recovering q(x) the given spectral and 
nodal characteristics. The coefficients a and f3 from (1.3) and (1.4) respectively, 
are assumed to be known a priori and fixed. We denote the BVP (1.1)-(1.4) by 
L = L(q). 

We study inverse spectral and inverse nodal problems for Sturm-Liouville equa¬ 
tions. Inverse spectral problems consist in recovering operators from their spec¬ 
tral characteristics. Such problems play an important role in mathematics and 
have many applications in natural sciences(see, for example, monographs [3], [12], 
[15], [17], [23]). Inverse nodal problems consist in constructing operators from 
the given nodes (zeros) of eigenfunctions (see [11], [14], [16], [19], [24]). BVPs 
with discontinuities in an interior point also appear in geophysical models for 
oscillations of the Earth (see [10]). Discontinuous inverse problems (in various 
formulations) have been considered in [4], [5], [6], [9], [18], [20], [22], In the present 
paper we obtain some results on inverse spectral and inverse nodal problems and 
establish connections between them. 


2. Inverse Spectral Problems 

In this section we study the so-called incomplete inverse problem of recovering 
the potential q(x) from a part of the spectrum of BVP L provided. We note 
that for recovering q{x) on the whole interval (0,7r) it is necessary to specify two 
spectra of the BVPs with different boundary conditions (see [21]). 

Let y(x ) and z(x) be continuously differentiable functions on (0, |) , (f,§) 
and (f,7r). Denote (y,z) := yz' — y'z. If y(x) and z(x) satisfy the matching 
conditions (1.3) and (1.4), then 


(y,z) x= ,_ 0 = (y,z) x= n + o, {y,z) x= n_ 0 = (y,z) x= n +0 , (2.1) 

i.e. the function (y,z) is continuous on (0,7r). 

Let <p(x, A) be solution of equation (1.1) satisfying the initial conditions 

¥>(0, A) = 0,^(0, A) = 1 

and the matching conditions (1.3),(1.4). Then U(ip) = 0. Denote 

A(A) = -%) = V(f,A). (2.2) 

By virtue of (2.1) and the Liouville’s formula (see [2],p.83), A(A) does not depend 
on x. The function A(A) is called characteristic function on L. 



288 


MANAF DZH. MANAFOV 


Theorem 2.1. The BVP L has a countable set of eigenvalues {A n } n >i- All 
eigenvalues are real, simple and n —> oo 

k n '■= \f\i = n + ——(cjo + (—l) n 1 ^i) + o f— ^ , (2-3) 

Inn \n J 

where 


uo = - + a + 


TV TV TV 

j q(t)dt , (J\ = a + 2 J q(t)dt — J q(t)dt. 


t/2 


Proof. Let A = k 2 , r := Im k. From (2.2), in order to find eigenvalues, we have to 
construct a solution <p(x, A) for all interval (0,7r). For this reason we construct 
the following equation 

—y" + (a<5(x — a) + /35 r (x — b) + q(x)y = A y, x G (0,7r), (a < 6) 


which has a solution <^>(x, A).For |A| —> oo uniformly in x one has: 
sin kx cos kx 


P(x,\) = 


k 


2 k 2 


J q(t)dt + o ex P(l r l , x < a, (2.4) 


Ju 

c p'(x , A) = cos kx + ' ^ J q(t)dt + o exp(|r| x) ) , x < a. 


Using the following conditions 


cp(a — 0, A) = ip(a + 0, A) = ip(a, A) 
(p 1 (a + 0, A) — (p'(a — 0, A) = a(p(a, A) 


we write (p(x, A) in (a, b ) : 


¥>(*, A) = " - ( / g(f)dt + aj + 

+o exp(|r| x)) , a < x < b, 


2k 2 


^/(x, A) = coskx + sl 2 k X ( I q(t)dt + a + a sinfc ( 2a A 


2k 


+o (| exp(|r| x)) ,a<x<b. 

Using the following conditions 

<p(b + 0, A) - (p(b - 0, A) = /3<p'(b, A), 

(p'(b + 0, A) = ip'(b — 0, A) = (p'(b, A) 

we write (p(x, A) in ( b, tt) : 

<p(x, A) = § (cos kx + cos k(2b — x)) + S1 ^j^ x ^2 + | ^ J q(t)dt + a 
+ sm k(2b—x) ^ a + J g(t)dt - J q(t)dtj ^ 
+a/3sin/c(2a - b ) cosk ( x ~ b '> + o(\ exp(|r| x)) , 


(2.5) 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


x > b, 
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<p'(x, A) = 4r(— sin kx + sin k(2b — x)) + coskx f 2 + | f q(t)dt + a 


cos k(2b x) ^ + J g (*)dt _ f q(t)dtj ^ 

—a/3 sin k(2a — 6) cosfc ^ x ~ 6 ^ + o (exp(|r| a;)), x > b. 
When a = f and 6 = 5, it follows from (2.9) that for |A| —)• oo 


A(A) = ^ ( AsinA7r — 


Wo COS A’7T Wl', /ii \\ 

- 2 -+ y ) + o (exp(|r| tt)). 


(2.9) 

( 2 . 10 ) 


Using (2.10) and Rouche’s theorem, by the well-known method (see [3]) for n —>• 

oo 

k n = n + o( 1). (2.11) 

Analogously, by using Rouche’s theorem one can prove that for sufficiently 
large values of n, every circle a n ( 5 ) = {A; : |k — n\ < 5} contains exactly one zero 
of A (A 2 ) , namely, k n = \f~kf . Since <5 > 0 is arbitrary, we must have 

k n = n + e n , £ n = o( 1), n-> oo. (2.12) 

Since k n are zeros of A (A’ 2 ) , from (2.10) we get 

nsin £ n TT - ^ (oj 0 cos£ n ir + (-l) n_1 wo) + v n = 0, (2.13) 

where v n = £ n sine n 7r + o (exp (|r n | 7r)), r n = Imk n . Hence sine n 7r = o (^) , that 
is, £ n = o (/l) . Using (2.13) we get more precisely 

= 2L ( W0 + (_1)n_1 Wl ) + ° (£) • (2 - U) 


Substituting (2.14) into (2.12), we get (2.2).Since the BYP L is self-adjoint (see 
[13]), all eigenvalue {A n } n >i are real and simple. □ 


Together with L we consider a BVP L = L(q) of the same form but with 
different coefficient q ( we remind that the coefficients a and /? from (1.3) and 
(1.4) respectively, are fixed and known a priori). The following theorem has 
been proved in [8] for the Sturm- Liouville equation. We show it also holds for 

7r/4 

(1.1)-(1.4). We assume that / q{x)dx = 0. 

0 


Theorem 2.2. If for any n € NU {0} 

= A ni {Vm Vn) x= iL—o = {Vm Un) X= K—Q = 0, 

then q(x) = q(x) almost everywhere (a.e) on (0,7r), where (y n ,yn ) = 
2 ]n(x)y' n (x) - y' n (x)y n (x), y n {x) = ip(x, A n ). 


Proof. Since 

~y"{x, A) + q(x)y(x, A) = A y(x, A), -y"(x, A) + q(x)y(x, A) = A y(x, A), 

1/(0, A) = 0, 2/(0, A) = 0, 
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it follows from (2.1) that 

7 r 
4 

J r(x)y(x, A )y(x, A )dx = (y, y) x= *_ 0 , (2.15) 

o 

where r(x) = q(x) — q(x). Since {y n ,yn) x= i i_o = 0 for n G N U {0}, it follows 
from (2.15) that 

7r 

4 

J r(x)y n (x)y n (x)dx = 0, n G N U {0}. (2.16) 

o 

For x < j the following representation holds (see [12], [15]): 

X 

, ,. sin kx , . sin kt , 

y(^,A) = —--h I K (x, t) — dt, 

o 

where K(x,t ) is a continuous function which does not depend on A. 

Hence 

X 

2k 2 y(x, A )y(x, A) = 1 — cos 2 kx — J V(x, t ) cos 2 ktdt, (2-17) 

o 

where V(x, t) is a continuous function which does not depend A. Substituting 

7t/4 

(2.17) into (2.16) and taking the relation f r(x)dx = 0 into account, we calculate 

o 


4 4 \ 

J r(x) + J V(t,x)r{t)dt J cos2k n xdx = 0, roeNU{0}, 
0 \ / 

which implies from the completeness of the function cos, that 


7T , 


r(x)+ / H(t, x)r(t)dt = 0 a. e. on (0, -). 


But this equation is a homogeneous Volterra integral equation and has only the 
zero solution, it follows that r(x) = 0 a. e. on (0, [[). To prove that q(x) = q(x) 
a.e. on [|, |]we will consider the supplementary problem L : 


( 7r \ 7f 

2 ~ x )’ 0 < x < —, 

U(y) := y( 0) = 0, 



It follows from (2.1) that 

(Vm 2/n)j; = i+o = 0- 

A direct calculation implies that y n (x) := y n (f — x) is the solution to the 
supplementary problem L and y n (| — 0) := y n (| + 0) . Thus for the supple¬ 
mentary problem L, the assumption conditions in Theorem 2.2 are still satisfied. 
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If we repeat the above arguments then this yields — x) = 0 on 0 < i < |, 
that is, q(x) = q(x) a.e. on [^, |] .Analogously, to prove that q(x) = q(x) a.e. 

on [^, 7 r) we will consider the supplementary problem L : 

7T 

-y"(x) + q 2 {x)y{x) = Xy(x), q 2 (x) = q (it - x) , 0 < x < -, 


U{y) : = y(0) = 0, 



If we take the above arguments into consideration, then this implies r (n — x) = 0 
on 0 < x < |, that is, q(x) = q(x) a.e. on [|, 7 r) . The proof of the theorem is 
finished. □ 


3. Inverse Nodal Problems 

In this section, we consider the inverse nodal problems with point 5 and 5'- 
interactions. We obtain uniqueness theorems and a procedure of recovering the 
potential q(x) on the whole interval (0, 7 r) from a dense subset of nodal points. We 
recall that these results were given for regular Sturm-Liouville problems defined 
on the interval (0,1) in [7], [16]. 

The eigenfunctions of the BVP L have the form y n (x) = ip(x,\ n ). We note 
that y n (x) are real-valued functions. Substituting (2.3) into (2.4) , (2.6) and (2.8) 
we obtain the following asymptotic formulae for n —> oo uniformly in x: 


knUn{x ) = sin nx + ^ y- k J q(t)dt + (<v 0 + (-1)" 1 u\)x ) cos nx 

+°(£)> x < b 

knVn(x) = sin nx + ^ q(t)dt + a'j + (w 0 + (-l) n_1 wi)x ) cos 

+ ^acos |racosnx + o (^) , | < x < |, 


y n (x) = f (1 + (—l) n ) cos nx + ^ ^ 7 r ^2 + f / q(t)dt + a 

t/2 


(3.1) 


; nx 


(3.2) 

(3.3) 


+ (- 1 )" 7r f f q(t)dt- f q(t)dt 
V o n/2 J 

-(w 0 + (—l)” _ 1 wi)(x + (-l) n (7T - x)) sin nx + o (^) ,x > §, 

For the BVP L an analog of Sturm’s oscillation theorem is true. More precisely, 
the eigenfunction y n (x) has exactly n — 1 (simple) zeros inside the interval (0, n) : 
0 < x l n < ... < x” -1 < 7 r. The set Xl '■= {xi} n>2 - = 1 n _ 1 is called the set of nodal 
points of the BVP L. 

Inverse nodal problems consist in recovering the potential q{x) from the given 
set Xj j of nodal points or from a certain its part. Denote 

X k L ■= {4m- k = 0 ’ L Clearl y> X L U X L = X L- 
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Taking (3.1)-(3.3) into account, we obtain the following asymptotic formulae 
for nodal points as n —> oo uniformly in j: 

( 377/n 


j J7T 1 

x n = -1” o 9 

n 2 n 2 


j jv , 1 

x n =-1- A—o 

n 2n 2 


? l 77 , 1 

W - 


Vo 

/ 


n 


+ o 


71- 


77 


, 4 e 4 ) ! n = 2m > 


q{t)dt — 


(u 0 + UJl)j 


Vo 

/ 


n 


+ 0 ( —o ) >4 e T ) = 2m + l, 


4 = — + 

n 


2n 2 


q(t)dt — 


(uo + ui)j 


x n T 

n 


4 , J_ 

271 2 


Vo 

/ 14 


n 


n- 


+ °( 5) >4 G (J4 ) » n = 4m, 


q(t)dt — 


(cj 0 - wi)j 


i 4 , 1 

4 =-b A —9 

n 2n 2 


Vo 

/ jTf/r; 

/ 
V 0 


n 


n z 


+ a I + o I „ ] 5 4 £ ( , j ~ 1 > 


4’ 2 


q(t)dt — 


(UQ+UJ^j 


77 = 4m + 1, n = 4m + 3, 

1 


n 


7T 


+ 2 a + o -4 fX J n e , 


77 77 


4 2 , 
n = 4m + 2, 


1 \ 7T 1 


4 = ( 3 - A ) 4 


2 ) n 2 n 2 


( V2 

- / q(t)dt + 

V 0 

7t/2 

= ^ ( -^ / <44 + / <44 + 


too — wi — 2 

is 


n z 


- « I +° 1 -9 ) i x n ^ ( 7T > 7r 


n = 2 m, 


j-rr/n 

I 

0 


2(UJQ+Ul)j 


— ( 2 + 4 + C0q + Wi 


+o(4) ,4 e (f , 77 ) ,n = 2m + 1 . 

Using these formulas we arrive at the following assertion. 

{4"} 


Theorem 3.1. Fix k = 0 V 1 and x G [0, 7 r]. Let 
that lim x 3 fi = x. Then there exists a finite limit 

n —>00 


G X’l be chosen such 


fk(x) = lim 2 n{x j ™n - j n 77), 


and 


fk{x ) = < 


f q(t)dt - ^°+( T + x 


< ^ 

— 4’ 


/ q(t)dt — a,0+ ^ ^ —~ x ~~ ocos | k, f < tc < 

0 

5 (f 44 + (-l) fc+1 f q(t)dt) - (-l) fc f q(t)dt 
Vo 0/0 

- ^°+(- 1 ) fc+1 ^i x - + ^o+(-i ) fc+1 _ a> x > | 


(3n 


(3.4) 


(3.5) 
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Let us now formulate a uniqueness theorem and provide a constructive proce¬ 
dure for the solution of the inverse nodal problem. 

Theorem 3.2. Fix k = 0 V 1. Let X C X £ be a subset of nodal points which 
is dense on (0, n). Let X = X. Then q(x) = q(x) a.e. on (0,7r). Thus the 
specification of X uniquely determines the potential q(x) on (0, n). The function 
q(x) can be constructed via the formulae 

?(*) = fk( x ) - \ (/fcW + /fe(|) - fk{ o) - a) , (3.6) 

where fk(x) is calculated by (3.5). 

Proof. Formula (3.6) follows from (3.5). Note that if X = X, then (3.4) yields 
fk(x) = fk(x),x G (0,7r). By virtue of (3.6), we get q(x) = q(x) a.e. on (0,7r). □ 
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